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An approximate mathematical solution to the solid-liq- 
uid movin boundary problem, including buoyancy force, 

cal Neumann problem (1) was extended to include the 
effect of natural convection in the liquid phase caused by 
the melting of ice from below. In a recent paper, Yen et al. 
( 5 )  conducted an experimental investigation of the same 
problem, aimed at confirming their theoretical study. The 
experimental data were found to be in qualitative agree- 
ment with the results predicted from their solutions. The 
purpose of this communication is threefold: to present 
new data covering a wider range of experimental parame- 
ters; to modify the analytical analysis reported in reference 
3; and to extend the OToole and Silveston (2) correlation 
to the case involving phase change. 

From the previous study ( 5 ) ,  it was proposed that the 
correlation by OToole and Silveston (2) of natural con- 
vection heat transfer for fluids confined between two hori- 
zontal plates be extended to incorporate the dimensionless 
thermal parameters 4 and RAT. To facilitate the mathe- 
matical analysis in this paper, an arbitrary term B, in- 
stead of 0.305, will be used as the exponent to the Ray- 
leigh number in the heat transfer expression, which be- 
comes 

was made % y Tien and Yen (3).  In that study, the classi- 

Following the same analysis as the previous investiga- 
tion (3),  the dimensionless heat flux prescribed to the 
water-ice interface becomes 
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Fig. lo. Relation between dimensionless melting front u and di- 
mensionless time T - rC. qi = 7.30. 
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Fig. 16. Relation between dimensionless melting front u and di- 
mensionless time z - zc. qi = 12.50, 

or 

The dimensionless meltin front (r can be obtained by 
solving the following pair o P first-order nonlinear differen- 
tial equations. The only difference from the corresponding 
equations in reference 3 as corrected in reference 5 is that 
an unknown term A has replaced 0.085. 
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Fig. lc. Relation between dimensionless melting front u and di- 
mewionless time 'G - tc. qi = 24.50. 

page 824 AlChE Journal July, 1967 



TABLE 1,. SUMMARY OF EXPERIMENTAL PARAMETERS 
AND VALUES OF A 

Experi- 
nient No. TO, “C.  Ts ,  “ C .  @ RAT A 

1 
2 
3 
4 
5 ,6  
7 
8 , 9  

10 
11 
12,13 
14,15 

-22.00 
-22.00 
-22.00 
-13.00 
-13.00 
-13.00 
-13.00 
-6.50 
-6.50 
-6.50 
-6.50 

7.72 7.30 0.350 
10.05 7.30 0.460 
13.10 7.30 0.600 
7.72 12.50 0.600 

10.60 12.50 0.820 
14.02 12.50 1.100 
18.80 12.50 1.450 
7.75 24.50 1.200 
9.83 24.50 1.500 

13.00 24.50 2.000 
18.00 24.50 2.600 

0.440 
0.320 
0.230 
0.450 
0.250 
0.220 
0.140 
0.450 
0.300 
0.240 
0.200 

The experimental apparatus and procedure are de- 
scribed in detail in a paper by Yen et al. ( 5 ) .  In all ex- 
periments, bubble-free homogeneous ice samples were pre- 
pared before the melting experiment. Caution was always 
taken to eliminate any possible entrainment of air during 
the assembly operation. This is necessary in order to get 
reliable and reproducible results. Figures la, lb, and l c  
are plots of dimensionless melting front u vs. dimension- 
less time r - rc. Note that when 7 - T~ = 0,  u = 1. In 
the figures the black dots represent the experimental data. 
Equations (4) and (5) were integrated simultaneously 
by the method of Runge-Kutta. For each pair of R A T  and 
#, a trial and error procedure was used to find a specific 
value of A that gave the best fit to the experimental data 
of the correspondin set values of RAT and +. The com- 

ues of A in Figures la, b, and c. Table 1 s ows the sum- 
mary of the experimental parameters and the values of A. + was calculated using the specific heat of ice CPz at the 
mean value of initial and melting temperatures ( 4 ) .  La- 
tent heat of fusion L was taken to be 80 cal./g. It should 
be noted that experiments 5, 8, 12, and 14 were con- 
ducted under identical conditions with 6, 9, 13, and 15, 
respectively. From Figures la, Ib, and l c  it can be seen 
that the computed results have slightly higher values than 
the experimental data for the small values of -r - rc, while 
for large values the computed results are slightly lower 
than the experimental data. However, in general, the re- 
sults from theory and experiment are in close agreement. 

It can be observed from Figures la, lb, and l c  that 
for a specific value of +, the value of A increases as R A T  

decreases. For the same R A T ,  values of A increase as + in- 
creases (see Figures la, Ib, and l c  for instance, when 
R A T  = 0.60, A = 0.230 for + = 7.30 and 4 = 0.450 
for + = 12.50). Therefore, a functional relationship among 
A, RAT,  and + can be expressed as 

fl puted results are in i!i icated by crosses alon with the val- 

A = u + m ( R ~ ~ ) n  

where constant a and exponents m and n are to be deter- 
mined, From a log-lo plot of A vs. RAT with + as parame- 

lines, the slope of the lines or the value of n is found to 
be -1.2. A similar log-log lot of A ( R A T ) ’ . ~  VS. + also 

1.2. The intercept or the value of a is 0.0114. Thus the 
value of A is given by the expression 

ter, the values of A if or different + fall into parallel linear 

give a linear relationship. T K e slope or the value of m is 

A = 0.0114 (+/RAT)’.’ ( 7 )  
Since A = 1 - 3B [Equations (2)  and (3)  ] 

(8) 
1 - 0.0114 ( + / R A T ) ’ . 2  

3 
B =  

Vol. 13, No. 4 AlChE 

Substituting the expression for B into Equation ( l ) ,  we 
arrive at the correlation for natural convection heat trans- 
fer for fluids being melted from below and confined by a 
rigid lower boundary. 

By substituting Equation (8) into E uation ( l ) ,  the 
final correlation which involved the Pran 3 tl and Rayleigh 
numbers and thermal parameters + and R A T  is obtained: 

(9) 

The above expression applies to the water-ice system and 
is valid for + varying from 7.30 to 24.50 and RAT from 
0.35 to 2.60. For ice not entirely free from air bubbles, the 
air will accumulate at the water-ice interface as the melt- 
ing proceeds. The overall effect on the.melting rate de- 
pends on the fraction of the interface covered by the air. 
Since the thermal properties of homogeneous ice are more 
or less isotropic, it is believed that the crystal structure 
or the manner in which the ice is frozen will have no ef- 
fect on the macroscopic melting rate. 

NOTATION 

C, = heat capacity 
H+ ( t )  = dimensionless heat flux given by Equation (2) 

or ( 3 )  
k = thermal conductivity 
h = heat transfer coefficient 
L = latent heat of fusion 
N N ~  = Nusselt number 
N p r  = Prandtl number 
N R a  = Rayleighnumber 
RAT = dimensionless parameter defined as (T, - Tm)  / 

S = melting front 
S, = transitional melting front 
t = time 
Tm = melting temperature 
To 
T ,  
Greek Letters 

u 

6 
7) = 6 - c  
+ 
T 

rc = transitional dimensionless time 

Su brc ripts 

1 = liquid hase 

(Tm - To) 

= initial ice temperature ( T o  < Tm) 
= warm plate temperature ( T ,  > Tm) 

= dimensionless solid liquid interface position de- 

= dimensionless thermal boundary-layer thickness 

= dimensionless parameter defined as L / C ,  (T, - 

= dimensionless time defined as a 2 t / S c 2  

fined as S/Sc 

T o  1 

2 = solidp K ase 
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